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The exiting automatic phase partition and phase-based process monitoring strategies are in general limited to single-
mode multiphase batch processes. In this article, a concurrent phase partition and between-mode statistical modeling
strategy (CPPBM) is proposed for online monitoring of multimode multiphase batch processes. First, the time-varying
characteristics of batch processes are concurrently analyzed across modes so that multiple sequential phases are simul-
taneously identified for all modes. The feature is that both time-wise dynamics and mode-wise variations are considered
to get the consistent phase boundaries. Then within each phase, between-mode statistical analysis is performed where
one mode is chosen for the development of reference monitoring system and the relative changes from the reference
mode to each alternative mode are analyzed. From the between-mode perspective, each of the original reference moni-
toring subspaces, including systematic subspace and residual subspace, are further decomposed into two monitoring
subspaces for each alternative mode, which reveal two kinds of between-mode relative variations. The part which shows
significant increases represents the variations that will cause alarm signals if the reference models are used to monitor
the alternative modes, whereas the part that shows no increases will not issue alarms. By modeling and monitoring dif-
ferent types of between-mode relative variations, the proposed CPPBM method can not only efficiently detect faults but
also offer enhanced process understanding. It is illustrated with a typical multiphase batch process with multiple modes.
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Introduction

As one important type of manufacturing, batch and semi-
batch processes have been playing an important role in the
processing of specialty chemical, semiconductor, food and
biology industries for producing high-value-added products
to meet today’s rapidly changing market. Characterized by
finite duration, batch process operation is in general carried
out in different steps to produce products of desired quality
at the lowest possible cost. Process disturbances which affect
both process and product reproducibility may vary with the
development of time and from batch to batch. For process
safety and quality improvement,1–7 various process monitor-
ing and diagnosis strategies have drawn increasing attention
recently. Multivariate statistical methods such as principal
component analysis (PCA)8 and partial least square (PLS)9,10

have been successfully used in modeling multivariate contin-
uous processes. Several extensions of the conventional PCA/
PLS to batch processes have also been reported, among
which most batch process monitoring methods are based on

multiway principal component analysis (MPCA) and partial
least squares.11–16 However, conventional MPCA method
may be difficult to reveal the time-wise changes of process
correlations because it takes the entire batch data as a single
object. Also, it is difficult for online application as the entire
new batch measurements are not available up to the con-
cerned time so that the unknown future values have to be
estimated. Variable-unfolding modeling method3,17,18 has
been developed to overcome the aforementioned problem.
This method can be put into online application without ful-
filling missing data, which, however, may not well reflect
multiplicity of process characteristics across different time

regions as it uses single monitoring model for the entire

process.
Considering that the multiplicity of operation phases is an

inherent nature of many batch processes and each phase
exhibits significantly different underlying behaviors, it is
desirable to develop multiple phase-based models.6,18 Then,
each model represents a specific phase and explains the local
process behaviors, which can effectively enhance process
understanding and improve monitoring reliability. Kosano-
vich et al.19 and Dong and McAvoy20 developed two
MPCA/nonlinear MPCA models to analyze the phase-
specific nature of a two-phase jacketed exothermic batch
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chemical reactor, where monitoring results show that the two
phase-based models are more powerful than a single model.
Their phase models, however, inherit the common weakness
of the conventional MPCA model that the unavailable future
data in an evolving batch should be estimated for online
monitoring which may distort the real dynamics of process
correlations. Zhao et al.21 developed an automatic phase
division method based on clustering algebra to capture
changes of process characteristics and phase-based sub-PCA
model were developed for process monitoring. It is based on
the fact that changes of the process correlations may relate
to the phase shift in multiphase batch processes. Phase-based
sub-PCA model does not require fulfilling missing process
observations and preserves the dynamic relationships. Also,
it can help to understand the operation process, revealing the
similar process characteristics within a certain time region
which can be described by the same model structure. Since
then, phase-based sub-PCA/PLS modeling methods22–27 have
been widely developed to handle different problems in batch
processes with multiphase nature. However, using clustering-
based phase division algorithm, segments at different time
within a batch may be mixed as a single phase and some
points in one phase may be assigned to other phases based
on the evaluation of process similarity, which thus may
make the phase division results hard to understand. A heavy
postprocessing21 has to be made to treat the clustering
results. Moreover, the clustering result is greatly influenced
by the similarity evaluation index (i.e., distance), which,
however, is not directly related with the purpose of process
monitoring.

Moreover, the wide and successful report of phase-based

modeling and monitoring strategies, however, are in general

limited to single-mode batch processes. In practice, manufac-

turing processes frequently go through mode changes due to

various factors, such as alterations of feedstocks and compo-

sitions, fluctuations in the external environment, and various

product specifications. Especially, to satisfy fast changing

market demands, the manufacturing strategies and operation

conditions have to be adjusted frequently which also make

multimode a popular and important problem. Traditional

modeling methods in general experience the model mismatch

problem where the process behaviors to be evaluated operate

under a condition other than the one the reference model is

built upon. These shifts in operation mode can cause fre-

quent false alarms even though the process is under another

nominal operation mode. The statistical modeling and moni-

toring of multimode processes is a challenging problem,

which has drawn increasing attention recently28–30 and most

of which are for continuous processes.28,29 However, few

research work regarding statistical analysis and monitoring

of multimode and multiphase batch processes have been

reported.
This article proposes a concurrent phase partition and

between-mode statistical modeling strategy (CPPBM) for
monitoring of multimode and multiphase batch processes. It
includes two key features: automatic concurrent phase parti-
tion for all modes from a consistent perspective and compre-
hensive subspace decomposition based on analysis of
between-mode relative changes. The objective of concurrent
phase partition is to automatically and simultaneously iden-
tify data segments in sequence along time direction for dif-
ferent modes of batch processes. Sequential and cross-mode
consistent phase partition results provide the basis for the

following phase-based between-mode analysis. The relative
changes from the reference mode to alternative modes are
analyzed in each phase. The underlying process behaviors of
each alternative mode can be decomposed into four subspa-
ces, revealing different types of relative variations in com-
parison with the reference mode. They are then modeled and
online monitored, respectively. The proposed method can not
only efficiently distinguish normal modes from fault cases
but also offers enhanced process understanding. Its feasibility
and performance are illustrated with a typical multiphase
batch process with multiple modes.

Methodology

Concurrent phase partition algorithm

Considering the time-varying process characteristics and
similarity within a certain time region as well, it is a natural
idea to separate the batch process into multiple phases and
develop different models to capture their different process
characteristics. There have been many phase partition meth-
ods21–27 for single-mode batch processes, which revealed the
modeling phases from different viewpoints and based on dif-
ferent principles. Assuming that no prior process knowledge
is available, the phase information should be automatically
identified by capturing changes of underlying characteristics.
In previous work,21–24 a variant k-means clustering algorithm
was used to check multiplicity of phases in batch processes.
For readability, the clustering-based algorithm is briefly
revisited in Appendix. However, as mentioned before, it did
not consider the time sequence of process phases, which
requires a heavy and complicated postprocessing. Also, the
process similarity was simply evaluated by distance index
where two models with small distance may not necessarily
mean that they can result in similar monitoring performance
because the distance index is not directly related with how
the monitoring action is conducted. Based on the specific
purpose in practical application (process monitoring in the
present work), the similarity evaluation should be directly
related with its influences on monitoring performance, for
example, false alarm and missing alarm. In the present work,
considering the multimode case and also to overcome the
aforementioned problem, the changes of process characteris-
tics are checked for all modes in a consistent way with
respect to their influences on monitoring system.

In each batch run (batch index i51; 2; :::; I), assume that J
process variables are measured online at k51; 2; :::;K time
instances throughout the operation cycle, forming each regu-
lar batch dataset, denoted as X K3Jð Þ. In the present work,
batches are of equal length without special declaration so
that the specific process time can be used as an indicator to
data preprocessing. For uneven-length batches, they can be
synchronized using different methods, such as dynamic time
warping31 or instrumental variable.3 Therefore, for each
mode, a three-way data array is available by collecting data
from I batches, Xm I 3 J 3 Kð Þ (m 5 1; 2; :::; M). There are
M modes in all.

The basic analysis and modeling unit is time-slice data
matrix in each mode. The basic idea of concurrent phase
division is to simultaneously find the phase landmarks for all
modes to make sure that they enter and leave each phase at
the same time. To achieve this purpose, three rules are fol-
lowed for automatic phase division, including the similar
characteristics along time direction within each mode, the
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time sequence, and the concurrent consideration of all
modes. In one word, the phase landmarks for all modes are
identified by simultaneously and sequentially checking the
changes of variable correlations of time-slices from the pro-
cess beginning step by step within each mode. It is thus
termed concurrent multimode step-wise sequential phase par-
tition algorithm here.

Prepare the time-slice data matrix Xm;k I3Jð Þ at each time
k from the process beginning of each mode. The basic proce-
dure is described as follows:

Step 1: Input the normalized time-slice data matrix
�Xm;kðI3JÞ which are preprocessed to have zero mean and
standard deviation respectively.

Step 2: Perform PCA algorithm on the time-slice data
matrices and get the initial time-slice models, Pm;k J3Rm;k

� �
,

where the number of principal components (PCs) Rm;k is
retained in each time-slice model to keep most of the pro-
cess variability (90% here). Then, find the number of PCs
that occurs most at different time intervals and set it as the
unified dimension of PCA models for each mode, Rm. Calcu-
late residual related statistic, squared prediction errors (SPE),
after the explanation of time-slice PCA models at each time
for each mode and determine the time-slice confidence limit,
Ctrm;k, by a weighted Chi-squared distribution.32 It repre-
sents the reconstruction power of time-slice PCA models to
each time-slice for each mode.

Step 3: From the beginning of batch processes in each
mode, add the next time-slice one by one to the existing
ones and variable-unfold them, Xv

m;k Ik3Jð Þ(where subscript
k denotes the current time). Perform PCA on the rearranged
data matrix and get the new PCA model, Pv

m;k J3Rmð Þ, which
is called time-segment model. Calculate the SPE values of
each time-slice data matrix after the explanation of the cur-
rent time-segment PCA model (Pv

m;k J3Rmð Þ) for each mode
and determine the confidence limit, Ctrv

m;k, by a weighted
Chi-squared distribution. It represents the reconstruction
power of this time-segment PCA model to each time-slice
within the concerned time region for each mode.

Step 4: Compare Ctrv
m;k with Ctrm;k for each time slice

within the concerned time region of each mode. If it finds
that there are three consecutive samples showing
Ctrv

m;k> am� Ctrm;k in one mode, the addition of the current
time-slice have imposed great influences on the time-
segment PCA monitoring model and the resulting monitoring
performance for this mode. am is a constant vector attached
to Ctrm;k for each mode, termed relaxing factor here, which

determines how much the time-segment PCA model in the
mth mode is allowed to be less representative (i.e., insuffi-
cient reconstruction power) than the same-dimensional time-
slice PCA models within the concerned time region. It is
clear that different values of relaxing factor (am) can be
attached to each mode. The time slices before k are denoted
as one subphase for all modes.

Step 5: For all modes, remove the time-slice data matrices
of the first subphase and the left-batch process data are now
used as the new input data in Step 3. Recursively, repeat
Steps 3–4 based on the updated process beginning for each
mode to find the following subphases.

From the above procedure, to identify phases for each
mode, variable-unfolding modeling unit is arranged itera-
tively by adding new time-slices sequentially and comparing
the reconstruction power of resulting time-segment model
with that of time-slice models. It is noted that the time-
segment model is kept to be of the same dimension as that
of time-slice models so that their reconstruction power can
be fairly compared. If the process characteristics of some
time-slices are similar, they can be explained by a unified
time-segment model, revealing similar reconstruction power
with that of those same-dimensional time-slice models. The
output is a simultaneous phase partition along time direction
for all modes, which presents two features: one is that the
alternation of different phases is consecutive along time
direction and the other is that the phase boundaries are con-
sistent across modes, which is different from mode-specific
separate phase division where the phase landmarks may dis-
agree from mode to mode. One simple illustration is shown
in Figure 1 for two-mode batch processes to explain the con-
current phase division. Four phases are obtained by simulta-
neously considering the two modes which are composed of
three phases and two phases, respectively. By considering
multiple modes at the same time, the division results tend to
reflect faster process dynamics among all modes within a
certain time region. From another viewpoint, single-mode
separate phase division can be regarded as one extreme case
of the proposed concurrent division algorithm.

It is noted that am is an important parameter associated
with mode m. It reflects the compromise between model
accuracy and model complexity. In general, it can be set by
trial and error so that each phase-representative regression
model will not cover too many process patterns to ensure
sensitiveness to changes of process characteristics. However,
up to now, there is no definite criterion or uniform standard

Figure 1. Simple illustration of concurrent phase division for two-mode batch processes.
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to strictly quantify it. Therefore, its determination is inevita-
bly affected more or less by artificial subjectivity factors.
The investigation on the determination of am is meaningful
and deserves further devotions in future.

Between-mode statistical modeling

For multimode processes, instead of mode-specific sepa-
rate modeling method, between-mode analysis can reveal
more interesting information, where, the general idea is to
analyze the relative changes from one mode to another. One
important question is: what kinds of relative changes should
be focused on in between-mode analysis for the purpose of
online monitoring? In the present work, one reference mode
is chosen with random and the others as alternative modes
are related with the reference one to reveal the between-
mode relative changes regarding their different influences on
monitoring results. For each alternative mode, four subspaces
are decomposed based on whether the variations in alterna-
tive modes increase in comparison with those in the refer-
ence mode in principal component subspace (PCS) and
residual subspace (RS) of PCA system, respectively. It is
based on the fact that the increased between-mode relative
variations in each alternative mode are responsible for alarm
signals when they are monitored by reference models. The
specific modeling procedure is described as follows.

First, as shown in Figure 2, two phase-representative data-
sets are prepared using variable-unfolding in each phase for
the reference mode and one alternative mode, Xv

c;r IrKc3Jð Þ
and Xv

c;a IaKc3Jð Þ (where subscript r means the reference
mode and a denotes one alternative mode; c indicates phase,
and superscript v means variable-unfolding is used for data
arrangement; Kc denotes the phase duration for each mode,
Ir and Ia are the number of batches in the reference mode
and alternative mode, respectively), each being composed of
the same number of variables and maybe different number
of samples. The data in Xv

c;r and Xv
c;a have been centered

and scaled to be of zero mean and unit standard deviation,
respectively.

In PCS of PCA monitoring system:
Step (1): Perform PCA algorithm on Xv

c;r to get monitor-
ing models

Tv
c;r5Xv

c;rPc;r

Ev
c;r5Xv

c;rP
e
c;rP

e
c;r

T

(
(1)

where Tv
c;r IrKc;r3Rc;r

� �
and Pc;r J3Rc;r

� �
are PCs and the

corresponding principal loadings in PCS; Ev
c;r IrKc;r3J
� �

and

Pe
c;r J3Re

c;r

� �
are PCA residuals and the corresponding resid-

ual loadings. Rc;r is the number of retained PCs determined

by cumulative explained variance rate.33 This reveals the
first largest variation directions of normal process data which
are also the monitoring directions of T2 statistic. Re

c;r is the

number of retained directions in RS, Re
c;r5J2Rc;r .

Step (2): Project Xv
c;a onto Pc;r to get scores

Tv
c;a5Xv

c;aPc;r , that is, the reference model Pc;r is used to
monitor alternative mode. Define the ratio of variation
between each alternative mode and the reference mode along
different monitoring directions in PCS as

Ratio c;a;i5
var Tv

c;a :; ið Þ
� �

var Tv
c;r :; ið Þ

� � i51; 2; :::;Rc;r

� �
(2)

where var ðÞ denotes the score variance around the center
(zero here) and :; ið Þ denotes the ith column vector in a
matrix. So, Ratio c;a is a R-dimensional vector composed of
Ratio c;a;i.

Step (3): Sort the values of Ratio c;a index. If the Ratio c;a;i

value is larger than one, it means that the corresponding var-
iation in the alternative mode is larger than that in the refer-

ence mode, which thus is responsible for out-of-control T2

when the reference model Pc;r is used to monitor the alterna-

tive mode. Keep the directions corresponding to Ratio c;a;i

values of larger than one, composing Pc;a
� J3Rc;a

�� �
, and the

number of retained principal directions is Rc;a
�. Pc;a

n are

composed of the left directions in Pc;r J3Rc;r

� �
after the

extraction of Pc;a
�, along which no increase of variation is

found in alternative mode relative to the reference mode.
Also, it is noted that the orthogonality of Pc;a

� is kept as

well as Pc;a
n.

Figure 2. Illustration of phase-based variable-unfolding data arrangement for between-mode analysis.
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Step (4): The process variations explained along Pc;a
� and

Pc;a
n, respectively, can be modeled as

X
_

c;a;f 5Xv
c;aPc;a

�Pc;a
�T

X
_

c;a;o5Xv
c;aPc;a

nPc;a
nT

8<
: (3)

Clearly, they represent two parts of variations separated
from PCS, which make contribution and no contribution to
out-of-control T2 monitoring statistic in the alternative mode,
respectively, under the supervision of reference model Pc;r .
PCA is then performed on X

_

c;a;f and X
_

c;a;o to explain the
major systematic variations in order with Rc;a;f and Rc;a;o

components, respectively

X
_

c;a;f 5Tc;a;f Pc;a;f
T

X
_

c;a;o5Tc;a;oPc;a;o
T

8<
: (4)

where Rc;a;f 5rank ðXv
c;aPc;a

�Þ and Rc;a;o5rank ðXv
c;aPc;a

nÞ. In
this way, the increased relative variations in the alternative
mode are separated from those nonincreased ones and mod-
eled orderly by PCA.

In RS of PCA monitoring system:
Step (1): The same as Step (1) in PCS of PCA monitoring

system.
Step (2): Project Xv

c;a onto the column space of Pe
c;r to get

the variations along each residual direction in Pe
c;r

Ev
c;a5Xv

c;aPe
c;rP

e
c;r

T5
XRe

c;r

j51

Xv
c;ape

c;r;jp
e
c;r;j

T (5)

The variation difference between each alternative mode
and the reference mode along different monitoring directions
in RS is defined as

Dc;a;i5kXv
c;ape;ipe;i

Tk2
2kXv

c;ape;ipe;i
Tk2 i51; 2; :::;Re

c;r

� �
(6)

where k k denotes the Euclidean length. So, Dc;a is a Re
c;r-

dimensional vector composed of Dc;a;i.
Step (3): Sort the values of Dc;a index. If the Dc;a;i index

is larger than zero, it means that the variation in each alter-
native mode is larger than that in the reference mode, which
thus may be responsible for out-of-control SPE monitoring
statistic when reference model Pe

c;r is used to monitor the

alternative mode. Keep the directions corresponding to Dc;a;i

values of larger than zeros, composing Pe
c;a
� J3Re

c;a
�

� �
, and

the number of retained principal directions is Re
c;a
�. Pe

c;a
n are

composed of the left directions in Pc;r J3Rc;r

� �
after the

extraction of Pc;a
�, along which no increase of variation is

found in the alternative mode relative to the reference mode.
Also, it is noted that the orthogonality of Pe

c;a
� is kept as

well as Pe
c;a

n.

Step (4): The process variations explained along Pe
c;a
� can

be modeled as

X
_ e

c;a;f 5Xv
c;aPe

c;a
�Pe

c;a
�T (7)

It is clear out-of-control SPE monitoring statistic is only
caused by X

_ e

c;a;f . Also, considering that there are also sys-
tematic information in X

_ e

c;a;f besides residuals, PCA is then

performed on X
_ e

c;a;f to extract the major systematic variations
in order with Re

c;a;f components

^
X
_

e

c;a;f 5Te
c;a;f P

e
c;a;f

T (8)

where Re
c;a;f is determined by cumulative explained variance

rate.33 In this way, the major increased relative variations
along Pe

c;a
� in the alternative mode are separated from those

nonincreased ones and modeled orderly by PCA. The final
residuals are then calculated as

Ef
c;a5Ev

c;a2
^
X
_

e

c;a;f 5Xv
c;aPe

c;rP
e
c;r

T2X
_ e

c;a;f P
e
c;a;f P

e
c;a;f

T (9)

It is clear that X
_ e

c;a;f P
e
c;a;f P

e
c;a;f

T5Xv
c;aPe

c;a
�Pe

c;a
�TPe

c;a;f

Pe
c;a;f

T5Xv
c;aPe

c;a;f P
e
c;a;f

T as Pe
c;a;f are in fact linear combina-

tions of Pe
c;a
�.

Based on the above between-mode subspace decomposi-
tion, two different subspaces are separated from the original
PCS and RS, respectively. There are three systematic subspa-
ces for each alternative mode by checking the between-mode
relative changes, two from PCS and the third from RS. Pc;a;f

and Pe
c;a;f capture those major increased variations in each

alternative mode relative to the reference mode in PCA sys-
tematic and RSs, respectively.

CPPBM-based online monitoring

Based on the phase-based between-mode subspace
decomposition, different monitoring statistics are calculated
for the reference mode and each alternative mode in phase
c by projecting the current phase data onto different
subspaces.

For the reference mode

Tv
c;r5Xv

c;aPc;r

Ev
c;r5Xv

c;aPe
c;rP

e
c;r

T
(10)

where Tv
c;r are the systematic scores and Ev

c;r are the resid-
uals corresponding to two different monitoring subspaces
spanned by Pc;r and Pe

c;r, respectively.
For each alternative mode

Tc;a;f 5Xv
c;aPc;a;f

Tc;a;o5Xv
c;aPc;a;o

Te
c;a;f 5Xv

c;aPe
c;a;f

Ef
c;a5Xv

c;aPe
c;rP

e
c;r

T2Xv
c;aPe

c;a;f P
e
c;a;f

T

(11)

where, Tc;a;f , Tc;a;o, and Te
c;a;f are the scores in systematic

subspaces spanned by Pc;a;f , Pc;a;o, and Pe
c;a;f , respectively;

Ef
c;a;o are the final residuals. They represent different types

of relative variations in each alternative mode from the
between-mode perspective. The corresponding time-slice sta-
tistics are then separated from the variable-unfolding phase
statistics based on the indication of process time. For exam-
ple, Ta;f ;k means the kth time-slice in alternative mode a sep-
arated from the phase-representative scores Tc;a;f where
based on the indication of process time, the current phase c
is known.

Based on the calculation of different time-slice statistics
in different subspaces, the monitoring statistics are calculated
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for reference mode and each alternative mode at each time
k. For the reference mode

Tr;k;i
25ðtr;k;i2�tr;kÞTRr;k

21ðtr;k;i2�tr;kÞ

SPE r;k;i5er;k;i
Ter;k;i

(12)

where, subscript i denotes the ith batch in each time slice.
�tr;k denotes the mean vector of Tr;k which is zero due to
data preprocessing at each time. Rr;k is a diagonal matrix
with elements being the variance of each PC in time-slice
score matrix Tr;k.

For each alternative mode

Ta;f ;k;i
25ðta;f ;k;i2�ta;f ;kÞTRa;f ;k

21ðta;f ;k;i2�ta;f ;kÞ

Ta;o;k;i
25ðta;o;k;i2�ta;o;kÞTRa;o;k

21ðta;o;k;i2�ta;o;kÞ

Te
a;f ;k;i

25ðte
a;f ;k;i2

�t
e
a;f ;kÞ

TRe
a;f ;k

21ðte
a;f ;k;i2

�t
e
a;f ;kÞ

SPE
f
a;k 5 e

f
a;k;i

Te
f
a;k;i

(13)

where, �ta;f ;k, �ta;o;k, and �t
e
a;f ;k denote the mean vectors of

Ta;f ;k, Ta;o;k, and Te
a;f ;k, respectively, which are all zero

Table 1. Definitions of the Different Monitoring Subspaces in Each Phase c for Each Alternative Mode a

Subspace Description Dimension Monitoring Statistics

Pc;a;f
Major systematic variability that contributes to the

increased deviations in alternative mode relative to the
reference mode in PCS of PCA monitoring system

Rc;a;f Ta;f
2

Pc;a;o
Major systematic variability that makes no contribution to

the increased deviations in alternative mode relative to
the reference mode in PCS of PCA monitoring system

Rc;a;o Ta;o
2

Pe
c;a;f

Major systematic variability that contribute to the
increased deviations in alternative mode relative to the
reference mode in RS of PCA monitoring system

Re
c;a;f Te

a;f
2

Ef
c;a

Final residual subspace R#2Rc;a;f 2Rc;a;o2Re
c;a;f

SPE f
a

R# denotes the original full dimension.

Figure 3. Flow chart of the proposed algorithm (a) model development and (b) online monitoring strategy.
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vectors due to the data preprocessing at each time. Ra;f ;k,
Ra;o;k, and Re

a;f ;k are diagonal matrices with elements being
the variance of each PC in time-slice scores Ta;f ;k, Ta;o;k, and
Te

a;f ;k, respectively. The meanings of different subspaces are
summarized in Table 1 regarding each phase c for each
alternative mode a.

The control limits in the systematic subspace for each
mode are defined by the F-distribution with a as the signifi-
cance factor13 and in the RS, the representative confidence
limit of SPE for each mode can be approximated by a
weighted Chi-squared distribution.32

Whenever new observation at the kth time interval,
xnew ðJ31Þ, is available, it is first preprocessed using the data
normalization information from the reference mode. Based on
the indication of process time, the current phase c is known.
The normalized new observation is then projected onto the
phase-specific reference monitoring system using Eq. 10 and
the monitoring statistics are calculated using Eq. 12 where the
related phase-representative monitoring models are adopted
based on the indication of process time k

tr;new
T5xnew

TPc;r

er;new
T5xnew

TPe
c;rP

e
c;r

T
(14)

Tr;new
25ðtr;new 2�tr;kÞTRr;k

21ðtr;new 2�tr;kÞ

SPE r;new 5enew
Tenew

(15)

Compare the values of two monitoring statistics (Tr;new
2

and SPE r;new ) with the predefined control limits in PCS and

RS, respectively. If both monitoring statistics stay well

within the predefined normal regions for the reference mode,

Figure 4. A simplified schematic diagram of the injec-
tion molding machine.

Table 2. Eleven Process Variables Used in IM Process

No. Variable’s Descriptions Unit

1 Valve 1 %
2 Valve 2 %
3 Screw stroke mm
4 Screw velocity mm/sec
5 Ejector stroke mm
6 Mold stroke mm
7 Mold velocity mm/sec
8 Injection press Bar
9 Barrel temperature zone 3 �C
10 Barrel temperature zone 2 �C
11 Barrel temperature zone 1 �C

Table 3. The Setting of Operation Conditions for Three-

Mode IM Process

Mode #

Operation Conditions

Barrel Temperature
(BT) (�C)

Packing Pressure
(PP) (Bar)

1 180 25
2 200 30
3 220 35

Figure 5. Phase partition results for multimode injec-
tion molding process using (a) the proposed
concurrent partition algorithm and (b) the
mode-specific separate partition algorithm
(from top to bottom: Mode 1 to Mode 3).
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the current sample can be deemed to be operating according

to the normal operation rule of the reference mode. Also,

considering that the operation mode will not change abruptly

and the mode membership should be consistent with its pre-

vious one, the mode affiliation can be readily determined by

combining the current monitoring result and previous ones.

On the contrary, if alarm signals are issued, the current pro-

cess may be operating at some fault or some alternative

mode status. To distinguish this, the four-model system

defined for different alternative modes will be tested in turn

to see which alternative mode can best match the current

operation pattern

ta;f ;new
T5xnew

TPc;a;f

ta;o;new
T5xnew

TPc;a;o

te
a;f ;new

T5xnew
TPe

c;a;f P
e
c;a;f

T

ef
a;new

T5xnew
TPe

c;rP
e
c;r

T2xnew
TPe

c;a;f P
e
c;a;f

T

(16)
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25ðta;o;new 2�ta;o;kÞTRa;o;k
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TRe
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21ðte
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SPEf
a;new 5ef

a;new
Tef

a;new

(17)

Compare the updated monitoring statistics with the prede-
fined confidence limits in each alternative mode. If all new
monitoring statistics stay well within the confidence regions
of one alternative mode, the current operation mode is
judged. On the contrary, if no modes are found to match the
new sample, it is possible that one process fault is occurring
or it is operating in a new mode which is not included in the
library of modeling data. Figure 3 presents the flow diagram
of the proposed model development and online monitoring
procedure for multimode and multiphase batch processes.

Illustration and Discussion

Injection molding process

Injection molding as illustrated in Figure 4, a key process
in polymer processing for manufacturing industry, transforms
polymer materials into various shapes and types of products.
A typical injection molding process consists of three major
operation phases, injection of molten plastic into the mold,
packing-holding of the material under pressure, and cooling
of the plastic in the mold until the part becomes sufficiently
rigid for ejection. Besides, plastication takes place in the bar-
rel in the early cooling phase, where polymer is melted and
conveyed to the barrel front by screw rotation, preparing for
next cycle. It is a typical multiphase batch process and has
been widely used for process monitoring and quality analy-
sis.23,34 It can be readily implemented for experiments, in
which, all key process conditions such as the temperatures,

Figure 6. Coefficients of the first principal direction of
(a) Pc;a;f and (b) Pe

c;a;f for alternative Mode 1
(top) and alternative Mode 2 (bottom) across
different phases.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Similarity of the first principal directions for
alternative Mode 1 (top) and alternative
Mode 2 (bottom).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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pressures, displacement, and velocity can be online measured
by various transducers, providing abundant process information.

The material used in this work is high-density polyethyl-
ene. Eleven process variables are selected for modeling as

shown in Table 2, which can be collected online from meas-
urements with a set of sensors. Three modes are considered
as shown in Table 3 by changing barrel temperature and

Figure 8. The dimensions of subspaces decomposed
using the proposed between-mode analysis
algorithm for (a) the reference mode, (b)
alternative Mode 1, and (c) alternative Mode
2 in different phases.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.] Figure 9. Online monitoring for one testing batch in the
reference mode using monitoring models
developed from (a) the reference mode, (b)
alternative Mode 1, and (c) alternative Mode
2, respectively.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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packing pressures while keeping the other operation condi-
tions invariable. Twenty-eight batches with even duration
(591 samples in this experiment) are collected for each
mode, which, thus, result in the descriptor array
Xmð283113591Þ m51; 2; 3ð Þ. The first 20 batches are used
for model development, whereas the other eight cycles are
used for model testing.

Concurrent phase division and between-mode modeling

First, prepare the time-slice data matrix Xm;k I3Jð Þ at each
time from the process beginning of each mode. Using the
proposed concurrent phase partition algorithm, three modes
are considered simultaneously to check the changes of
underlying process characteristics. Figure 5a shows the phase
partition results for three-mode injection molding process
using the proposed concurrent partition algorithm where the
relaxing factors for all modes are set to be 3. In comparison,

Figure 10. Online monitoring for one testing batch in
alternative Mode 1 using monitoring models
developed from (a) the reference mode, (b)
alternative Mode 1, and (c) alternative Mode
2, respectively.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 11. Online monitoring results for one testing
batch in alternative Mode 2 using monitor-
ing models developed from (a) the refer-
ence mode, (b) alternative Mode 1, and (c)
alternative Mode 2, respectively.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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the mode-specific separate partition results are also shown in
Figure 5b. It is deemed to be an extreme case for the pro-
posed concurrent phase division algorithm where only one

mode is considered. For fair comparison, in each separate
mode, the retained dimension of PCA models is unified as
the number of PCs that occurs most throughout the batch

Table 4. Same-Mode and Cross-Mode Online Monitoring Results (Mean 6 MAD
a
) for Training Batches and Normal Testing

Batches Using the Proposed Algorithm with Mode 1 as Reference Mode

Model The Reference Mode Alternative Mode 1 Alternative Mode 2

Data Tr
2 SPEr Tf

2 To
2 Te

2 SPE Tf
2 To

2 Te
2 SPE

Training Batches
Reference
data

0.02 6 0.03b 4.02 6 4.93 2.47 6 0.41 0 6 0 0 6 0 1.91 6 0.28 0.10 6 0.08 0 6 0 0 6 0 0 6 0

Alternative
data 1

0 6 0 0 6 0 0.85 6 0.84 0.05 6 0.07 0.30 6 0.41 3.16 6 2.40 5.42 6 1.67 0 6 0 0 6 0 0.18 6 0.05

Alternative
data 2

0 6 0 0 6 0 0 6 0 0 6 0 0 6 0 0.92 6 0.39 1.23 6 0.70 0.09 6 0.16 0.27 6 0.36 3.13 6 2.39

Normal Testing Batches
Reference
data

1.71 6 2.41 9.67 6 9.46 2.71 6 0.30 0 6 0 0 6 0 1.92 6 0.38 0.13 6 0.06 0 6 0 0 6 0 0 6 0

Alternative
data 1

0 6 0 0 6 0 4.82 6 1.86 4.46 6 1.88 1.50 6 1.87 8.46 6 5.54 4.59 6 0.82 0 6 0 0 6 0 0.17 6 0.00

Alternative
data 2

0 6 0 0 6 0 0 6 0 0 6 0 0 6 0 0.63 6 0.25 7.17 6 2.75 21.64 6 15.08 43.30 6 29.29 39.42 6 16.12

aMAD: mean absolute deviation, which is calculated as 1
I

�
RN

q51

��Zq2
RI

i51Zi

I

��Þ where Z denotes the values of FAR or MAR index for different batches. I denotes
the number of training batches or testing batches. Mean is calculated to evaluate the batch-wise “average” monitoring performance for each monitoring statistic;
MAD can evaluate the batch-wise variability of monitoring performance for each monitoring statistic.
bThe shaded values indicate same-mode monitoring results as evaluated by FAR (%) index and the unshaded values indicate the cross-mode monitoring results
as evaluated by MAR (%) index.

Table 5. Same-Mode and Cross-Mode Online Monitoring Results (Mean 6 MAD) for Training Batches and Normal Testing

Batches Using Mode-Specific Separate Modeling Method

Model Mode 1 Mode 2 Mode 3

Data T2 SPE T2 SPE T2 SPE

Training Batches
Mode 1 0.02 6 0.03 4.02 6 4.93 0 6 0 0 6 0 0 6 0 0 6 0
Mode 2 0 6 0 0 6 0 0.01 6 0.02 3.57 6 3.44 0 6 0 0 6 0
Mode 3 0 6 0 0 6 0 0 6 0 0 6 0 0.01 6 0.02 3.37 6 2.50

Normal Testing Batches
Mode 1 1.71 6 2.41 9.67 6 9.46 0 6 0 0 6 0 0 6 0 0 6 0
Mode 2 0 6 0 0 6 0 1.54 6 0.99 26.92 6 21.30 0 6 0 0 6 0
Mode 3 0 6 0 0 6 0 0 6 0 0 6 0 5.16 6 4.99 70.20 6 24.48

The shaded values indicate same-mode monitoring results as evaluated by FAR (%) index and the unshaded values indicate the cross-mode monitoring results
as evaluated by MAR (%) index.

Table 6. Same-Mode and Cross-Mode Online Monitoring Results (Mean 6 MAD
a
) for Training Batches and Normal Testing

Batches Using the Proposed Algorithm with Mode 2 as Reference Mode

Model
The Reference

Mode Alternative Mode 1 Alternative Mode 2

Data Tr
2 SPEr Tf

2 To
2 Te

2 SPE Tf
2 To

2 Te
2 SPE

Training Batches
Reference
data

0.01 6 0.02b 3.57 6 3.44 0 6 0 0 6 0 0.08 6 0.09 1.81 6 0.16 0 6 0 0 6 0 0 6 0 0 6 0

Alternative
data 1

0 6 0 0 6 0 1.08 6 0.67 0.14 6 0.20 0.09 6 0.15 3.21 6 3.03 0 6 0 0 6 0 0 6 0 0 6 0

Alternative
data 2

0 6 0 0 6 0 0 6 0 0 6 0 0 6 0 1.02 6 0.14 0.47 6 0.44 0.42 6 0.46 0.45 6 0.51 2.38 6 2.96

Normal Testing Batches
Reference
data

1.54 6 0.99 26.92 6 21.30 0 6 0 0 6 0 0.13 6 0.13 1.71 6 0.32 0 6 0 0 6 0 0 6 0 0 6 0

Alternative
data 1

0 6 0 0 6 0 3.26 6 2.89 4.65 6 6.51 1.82 6 1.72 8.16 6 5.04 0 6 0 0 6 0 0 6 0 0 6 0

Alternative
data 2

0 6 0 0 6 0 0 6 0 0 6 0 0 6 0 1.08 6 0.22 18.85 6 11.73 23.03 6 19.65 27.43 6 21.68 61.44 6 28.19

aMAD: mean absolute deviation, which is calculated as 1
I ðR

N
q51

��Zq2
RI

i51Zi

I

��Þ where Z denotes the values of FAR or MAR index for different batches. I denotes
the number of training batches or testing batches. Mean is calculated to evaluate the batch-wise “average” monitoring performance for each monitoring statistic;
MAD can evaluate the batch-wise variability of monitoring performance for each monitoring statistic.
bThe shaded values indicate same-mode monitoring results as evaluated by FAR (%) index and the unshaded values indicate the cross-mode monitoring results
as evaluated by MAR (%) index.
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process. From the results, it is clear that using the proposed
algorithm, the operation processes for all modes can be auto-
matically partitioned into different subphases in time order
with consistent phase landmarks across modes. For compari-
son, mode-specific separate phase division shows different
phase landmarks for each mode which makes it inconvenient
for the following phase-based between-mode relative analy-

sis. It is noted that those small time segments between long
phases are in fact transition patterns, which are separated
from steady phases resulting from faster changes of process
characteristics. For simplicity, the phase division results
using clustering algorithm shown in Appendix are not shown
here, where the affiliation of different time intervals shows
quite frequent and chaotic changes. Also, different time
regions are mixed together frequently, requiring a heavy
postprocessing. The concurrent phase division algorithm
jointly considers different time-varying characteristics for all
modes so that a unified division result is available for all
modes. In this case, clearly, Mode 2 presents more dynamic
characteristics, whereas the other two modes have more sta-
ble characteristics when the same value of relaxing factor is
used. By the proposed algorithm, the original phases in
Mode 1 and Mode 3 shown in Figure 5b can be further
divided into different time segments to be consistent with
the phase information in Mode 2.

Based on the phase division result, phase-based between-
mode analysis is performed. Mode 1 is chosen as the refer-
ence mode from which PCA monitoring system is devel-
oped. Then, variations in two alternative modes are
decomposed, respectively, relative to the reference mode.
Three systematic subspaces, Pc;a;f , Pc;a;o, and Pe

c;a;f , are
decomposed from PCS and RS of PCA monitoring system.
Figure 6 shows the coefficients of the first principal direction
of Pc;a;f and Pe

c;a;f for two alternative modes across different
phases. Comparatively, in different phases, the dominative
variables as indicated by larger coefficient values are differ-
ent for each mode. Also, they are different between the two
alternative modes in the same phase. To demonstrate the use
of PCA in Step (4) of the proposed algorithm, as shown in
Figure 7, similarity of the first principal directions in each
subspace is evaluated for each mode by correlation analysis.
For some phases, the similarity is quite low, such as that for
Pe

c;a
�2Pe

c;a;f in Phase 1 for both alternative modes. It demon-
strates that PCA can integrate the concerned between-mode
relative variations which have been separated from the origi-
nal PCA monitoring system. Figure 8 shows the dimensions
of different systematic subspaces decomposed using the pro-
posed between-mode analysis algorithm for the reference
mode and each alternative mode in different phases. In gen-
eral, for both alternative modes, the dimension of Pc;a;o is
larger than that of Pc;a;f . It is noted that no Pc;a;f subspace is
separated in Phase 10 for alternative Mode 2.

CPPBM-based online monitoring

Based on the developed models, online monitoring is
implemented to check the performance of the proposed algo-
rithm. First, to check the online mode identification ability

Figure 12. Online fault detection results for AF 1 gener-
ated from one batch in alternative Mode 1
using (a) the proposed algorithm and (b) the
mode-specific separate modeling method
(dashed line, 95% control limits; dot line, the
monitoring statistics).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Table 7. Comparison of Online Fault Detection Performance (FDT) (Mean 6 MAD) in Same-Mode Analysis for Artificial

Faults Using the Proposed Between-Mode Modeling Algorithm (BM) with Mode 1 as Reference Mode and Mode-Specific Sepa-

rate Modeling Method (MS)

Methods Alternative Mode 1 Alternative Mode 2

AF # BM MS BM MS

AF 1 84.05 6 14.05 119.40 6 44.04 55.45 6 13.69 125.35 6 87.72
AF 2 147.45 6 48.12 173.65 6 69.15 188.55 6 61.79 268.25 6 40.50
AF 3 170.00 6 122.30 306.50 6 92.00 197.65 6 145.68 252.20 6 124.74
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of the proposed algorithm, two types of monitoring actions
are taken:

a. Same-mode monitoring where monitoring models are
developed based on between-mode analysis of the reference
mode and one alternative mode, and then used to monitor
the same modes.

b. Cross-mode monitoring where monitoring models are
developed based on between-mode analysis of the reference
mode and one alternative mode, and then used to monitor
other modes.

In both types of monitoring actions, normal batches are
used. For accurate mode identification, it is expected to
issue no alarm signals in same-mode monitoring. In com-
parison, as the wrong models are used to monitor the opera-
tion modes in cross-mode analysis, it is expected to issue
alarm signals as much as possible even for the normal sta-
tus. Therefore, false alarm rate (FAR) can be used to evalu-
ate the performance of mode identification in same-mode
analysis and missing alarm rate (MAR) can be used in
cross-mode analysis. Figure 9 shows the online monitoring
results of one normal testing batch in the reference mode
using monitoring models developed for the reference mode,
alternative Mode 1 and alternative Mode 2, respectively.
Clearly, the monitoring statistics stay well below the confi-
dence limits when the right models (reference models) are
used as shown in Figure 9a. In comparison, when wrong
models are used which are developed for alternative modes,
the monitoring statistics are clearly out-of-control as shown
in Figures 9b,c. In this way, the operation mode is identi-
fied correctly as only models developed for the reference
mode can match the current batch. Figures 10 and 11 show
the online monitoring of one normal testing batch in alter-
native Mode 1 and alternative Mode 2, respectively, using
monitoring models developed from the reference mode,
alternative Mode 1 and alternative Mode 2. For same-mode
analysis, the online monitoring statistics should stay well
within the confidence regions, whereas for cross-mode anal-
ysis, the online monitoring statistics should go beyond the
confidence limits, which well agree with the monitoring
results in the two figures.

In Tables 4 and 5, the same-mode and cross-mode online
monitoring results are summarized for both training batches
and normal testing batches using the proposed algorithm in
comparison with the mode-specific separate modeling algo-
rithm. FAR is calculated to evaluate the monitoring perform-
ance in same-mode analysis as indicated by the shadowed
values. MAR is used to evaluate the monitoring performance
in cross-mode analysis where the wrong monitoring models
are used to monitor normal batches. In general, the two
methods show comparable monitoring performance, that is,
for normal batches, the two methods can identify the current
operation mode with similar accuracy.

It is noted that the results in Table 4 are obtained with
Mode 1 as reference mode. To reveal the effects of the
choice of reference mode, Mode 2 is chosen as new refer-
ence mode and CPPBM-based online monitoring is per-
formed again. The same-mode and cross-mode online
monitoring results are summarized in Table 6 for both train-
ing batches and normal testing batches with FAR and MAR
as evaluation indices. For training data, the results are simi-
lar with those shown in Table 4. For testing data, most of
the results also show similar accuracy with those with Mode
1 as reference mode. In general, it is hard to say which
mode is better to serve as reference mode from the results.

Fault detection for artificial faults

Here, three artificial faults (AFs) are generated to illustrate
the superiority of the proposed algorithm, where the distur-
bances are imposed in each of three systematic subspaces
(Pc;a;f , Pc;a;o, and Pe

c;a;f ). For simplicity, only an exponential
curve (f K31ð Þ) is considered and imposed on each batch.
The exponential curve is defined by K 12e2t=s

� �
where time

constant s 5 100 and magnitude K 5 5. To get one AF which
influences one specific monitoring subspace, the imposed
disturbance is programmed as

xi
f T

5xi
T1Dk

T5xi
T1hc;1

Tfk (18)

where, xi Jx;i31
� �

represents the original measurement data
vector at each time under the normal situation; Dk J31ð Þ rep-
resents the imposed disturbance; fk denotes the kth value of
exponential curve. hc;1 is the first direction in one systematic
subspace which can be Pc;a;f , Pc;a;o, or Pe

c;a;f obtained using
the proposed algorithm. So, three AFs can be obtained based
on the choice of hc;1. As three systematic subspaces (Pc;a;f ,
Pc;a;o, and Pe

c;a;f ) are orthogonal with each other, therefore,
the disturbance imposed on one subspace will not influence
the systematic variability in the other subspaces.

Table 7 summarizes the comparison of online fault detec-
tion performance as evaluated by first detection time (FDT)
in same-mode monitoring for AFs using the proposed
between-mode modeling algorithm (BM) and mode-specific
separate modeling method (MS) which are both developed
based on the concurrent phase division results. So, the com-
parison can focus on revealing the role of between-mode
analysis. It is noted that Mode 1 is used as reference mode
for the extraction of different between-mode subspaces and
thus generation of artificial disturbances. FDT indicates the
first time when the fault is detected as indicated by three
consecutive out-of-control monitoring statistics. For AFs 1
through 3, the disturbances are imposed in the systematic
subspaces obtained by BM algorithm, Pc;a;f , Pc;a;o, and Pe

c;a;f ,
respectively. Clearly, the proposed BM algorithm shows
superiority over MS method where FDT values by BM

Table 8. Comparison of Online Fault Detection Performance (FDT) (Mean 6 MAD) in Same-Mode Analysis for Artificial

Faults Using the Proposed Between-Mode Modeling Algorithm (BM) with Mode 2 as Reference Mode and Mode-Specific

Separate Modeling Method (MS)

Methods Alternative Mode 1 Alternative Mode 2

AF # BM MS BM MS

AF 1 64.15 6 16.44 104.80 6 41.52 173.35 6 53.02 183.25 6 89.55
AF 2 188.50 6 34.15 235.30 6 15.94 98.60.30 6 40.22 171.25 6 128.68
AF 3 39.70 6 4.77 191.05 6 53.24 70.15 6 17.30 88.80 6 39.62
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algorithm are smaller than those by MS algorithm for all
AFs, revealing faster fault detection. Figure 12 presents
online fault detection of AF 1 generated from one batch in
alternative Mode 1 using the proposed algorithm in compari-
son with MS method. For simplicity, only the monitoring
results by Pc;a;f are shown for the proposed algorithm. From
the zoomed plot, the proposed algorithm clearly indicates the
occurrence of abnormality around the 80th sampling time
while MS method shows a great time delay.

In comparison, Mode 2 is chosen as new reference mode
to extract between-mode subspaces (Pc;a;f , Pc;a;o, and Pe

c;a;f )
and then generate three AFs. With the new reference mode,
new systematic subspaces are extracted to reveal between-
mode relative changes. Then, the artificial disturbances will
be different from those in Table 7 using the generation way
shown in Eq. 18. As shown in Table 8, BM and MS-based
monitoring results are summarized and compared. Still, the
proposed BM algorithm shows superiority over MS method
where FDT values by BM algorithm are smaller than those
by MS algorithm for all AFs, revealing faster fault detection.

Conclusions

In this article, a concurrent phase partition and between-
mode analysis algorithm (CPPBM) is proposed for multi-
mode and multiphase batch process monitoring. By the auto-
matic concurrent phase partition algorithm, the phase
landmarks are identified simultaneously for all modes in a
consistent way, which reflects the time sequence of operation
phases within each batch and requires no postprocessing. By
further decomposition of different subspaces from the
between-mode viewpoint, the relative changes from one
mode to another can be clearly revealed and captured for
online monitoring, which also provides enhanced process
understanding. The case study demonstrates the superior per-
formance of the proposed algorithm in fault detection as
more comprehensive fault detection subspaces are available.
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Appendix
Clustering-Based Phase Division Algorithm

Inputs: the patterns to be partitioned, {P
^

1,P
^

2, … , P
^

k}, and the

threshold h for cluster elimination, the minimal phase length,

Lmin.
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Outputs: the number of clusters C, the cluster centers

{W1;W2; :::;WC}, and the strict membership of P
^

k to C centers,

mðkÞ.
The index variables are the iteration index i, and the pattern

index, k.

1. Choose C0ði50Þ cluster centers W0
cðc51; 2;…;C 0Þ

from the K patterns along the time direction. Practi-
cally, the initial cluster centers can be assumed to be
uniformly distributed in the pattern set.

2. Merge pairs of clusters whose intercenter distance,
dist ðWi21

c1 ;Wi21
c2 Þ, is below the predetermined threshold h.

3. Calculate the distances from each pattern P
^

k to all
of the centers, dist ðP

^

k;W
i21
c Þ, assign P

^

k to the near-

est center Wi21
c� , and denote its membership as

mðkÞ5c�.
4. Eliminate the clusters that catch few patterns (fewer

than the minimal phase length, Lmin) after a set number
of iterations to avoid singular clusters.

5. Update the number of cluster centers to be Ci, recom-
pute the new cluster centers Wi

cðc51; 2;…;CiÞ, using
the current cluster membership, mðkÞ.

6. Go back to Step 2 if a convergence criterion is not met. Typ-
ical convergence criteria are minimal changes in the cluster
centers and/or minimal rate of decrease in squared errors.
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